7-1 Operations on Functions

» GET [READY for the Lesson

Main Ideas

> Fdl Carol Coffmon owns a store where
difference, product, she sells birdhouses. The revenue
and quotient of from birdhouse sales is given by
functions. r(x) = 125x. The cost of making

* Find the composition the birdhouses is given by
of functions. c(x) = 65x + 5400. Her profit p is

the revenue minus the cost or
New Vocabulary p =r — c. So the profit function p(x)
composition of functions can be defined as p(x) = (r — ¢)(x).

Arithmetic Operations Let f(x) and g(x) be any two functions. You can
add, subtract, multiply, and divide functions according to these rules.

KEY CONCEPT Operations with Functions

Operation Definition Examples if f(x) = x + 2, g(x) = 3x
Sum f+ g)x) = f(x) + g(x) x+2) +3x=4x+2
Difference f—g)x) =f(x) — gix) x+2)—3x=-2x+2
Product (f-9)x) = fx) - g(x) (x + 2)3x = 3x% + 6x
Quotient (5) x) = %, gx) #0 %Xz, X#+0

m Add and Subtract Functions

o Given f(x) = x2 — 3x + 1 and g(x) = 4x + 5, find each function.

a (f+ 9w
(f + 9)x) = fl0) + gx) Addition of functions
=(?—3x+1D+@r+5 f)=x>—3x+Tandg(x)=4x+5
=x>24+x+46 Simplify.
b. (f — 9(x)
(f - 9x) = flx) — gv) Subtraction of functions
=(?—3x+1) —@x+5 fxX)=x>*—3x+Tandg(x)=4x+5
=x2—7x—4 Simplify.

¥ ) rHELCA- Your Progress

Given f(x) = x? + 5x — 2 and g(x) = 3x — 2, find each function.
1A. (f+8)(x) 1B. (f—8)(x)
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Notice that the functions f and g have the same domain of all real numbers.
The functions f + g and f — g also have domains that include all real numbers.
For each new function, the domain consists of the intersection of the domains
of f(x) and g(x). The domain of the quotient function is further restricted by
excluded values that make the denominator equal to zero.

m Multiply and Divide Functions

mm} 0 Given f(x) = x%2 4+ 5x — 1 and g(x) = 3x — 2, find each function.

: M=% You can use a. (f. 9 x)
M= operations )
"~ on functions (f- 9)(x) = flx) - g(x) Product of functions
to find a function to =(x2+5x—1)(3x—2) Substitute.
;(:)r;[:l::ﬁ)meof different = x%(3x — 2) 4+ 5x(3x — 2) — 1(3x — 2) Distributive Property
cities, states, or =3x3 — 2x2+ 15x% — 10x — 3x + 2 Distributive Property
countries over time. a3 2 T
Visit algebra2.com. = 32" + 13x 13x +2 Simplify.
‘ b. (g) )
(é) (x) = % Division of functions
_x?45x—1 2 5 B
=5 X + 3 fx) =x*+5x — 1and g(x) = 3x — 2
Because x = % makes 3x — 2 =0, % is excluded from the domain of (g) (%).
) r AECH~ Your Progress
Given f(x) = x2 — 7x + 2 and g(x) = x + 4, find each function.
2A. (- 9)(v) 28B. (g) )
Composition of Functions Functions can also be combined using
composition of functions. In a composition, a function is performed,
and then a second function is performed on the result of the first function.
KEY CONCEPT Composition of Functions
Reading Math Suppose f and g are functions such that the range of g is a subset of the domain
Composite Functions of f. Then the composite function f o g can be described by
The composition of f and
g is denoted by f o g. This [f o glx) = f[gx)]-
is read f of g.
Supposef: {(3/ 4)/ (21 3)/ (_5/ 0)} and g = {(3/ _5)/ (4/ 3)/ (0/ 2)}
range of g range of f
domain of g domain of f range of f domain of f domain of g range of g
N e N e e N e
3 >—5 0 3 4 > 3
E‘O"“r“"m fog | 3 3 4 gef| 2 3 -5
0 2 3 -5 0 2
Animation
algebra2.com \ J \ \____
X g(x) flgi)] X f(x) glf(x)]
fog=1{(30)(4,4) 03} gof={@3), (2 =5),(-5,2)}
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The composition of two functions may not exist. Given two functions f and g,
[f o gl(x) is defined only if the range of g(x) is a subset of the domain of f(x).

m Evaluate Composition of Functions

€ i« f=17,8),(5,3),09,8), (11,4} and g = {(5,7), (3, 5), (7,9), (9, 11)},
findfogandgo f.

To find f o g, evaluate g(x) first. Then use the range of g as the domain of f
and evaluate f(x).

fIgG)] =f7)or8 g(5)=7 g =f9) or8 g7)=9
flgB)] =f(5)or3 g(3) =5 flg9)] = f(1l) or 4 g(©) =1
fog=1(5,8),33),(78),09 4)

To find g o f, evaluate f(x) first. Then use the range of f as the domain of g
and evaluate g(x).

SlA7)] = g(8) g(8) is undefined. glf(9)] = g(8)  g(8) is undefined.
glf(5)] =g(3)or5 (5 =3 glf(11)] = g(4)  g(4) is undefined.

Since 8 and 4 are not in the domain of g, g o fis undefined forx =7,x =9,
and x = 11. However, g[f(5)] =5s0 g o f = {(5, 5)}.

3. If = {(3, —2), (—1, —5), (4, 7), (10, 8)} and g = {(4, 3), (2, —1),
9, 4), 3, 10)}, find fo gand g o f.

Notice that in most instances f o ¢ # g o f. Therefore, the order in which you
compose two functions is very important.

m Simplify Composition of Functions

St“dr 1'!! B a. Find [f o gl(x) and [g o fl(x) for f(x) = x + 3 and g(x) = x%? + x — 1.

Composing [fogl(x) =flgx)] Composition of functions

Functions = f(x2 +x—-1) Replace g(x) with x2 + x — 1.

To remember the =2+ x—1)+3 Substitute x> + x — 1 for x in (x).

correct grder for_ =24 x+2 Simpliy.

composing functions,

think of starting with x _ . .

e e [g o fI(x) = g[f)] Composition of functions

from the grouping =g(x+3) Replace f(x) with x + 3.

symbols. =(x+3)%+@x+3) -1 Substitute x + 3 for x in g(x).
=x24+6x+94+x+3—1 Evaluate (x + 3)%
=x2+7x+ 11 Simplify.

So, [fogl(x) = x%+ x +2and [g o f](x) = x% + 7x + 11.
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b. Evaluate [f o g](x) and [g o fl(x) for x = 2.

[foglx)=x>+x+2 Function from part a
[fogl2) = (2?*+2+2o0r8 Replace x with 2 and simplify.
[gofl(x) =22+ 7x + 11 Function from part a

[gofl(2) = (2)2 +7(2) + 11 0r 29  Replace x with 2 and simplify.

So, [fo g](2) = 8 and [g o f(2) = 29.

4A. Find [f o ¢](x) and [g o f](x) for f(x) = x — 5 and g(x) = x% 4+ 2x + 3.
4B. Evaluate [f o g](x) and [g o f](x) for x = 3.

‘ EEIRNT GRS 1| IR yse Composition of Functions

. § t“dy TIE B TAXES Tyrone Davis has $180 deducted from every paycheck for
Combining retirement. He can have these deductions taken before taxes are
Functions applied, which reduces his taxable income. His federal income tax rate
By combining is 18%. If Tyrone earns $2200 every pay period, find the difference in
functions, you can his net income if he has the retirement deduction taken before taxes or
make the evaluation after taxes.
of the functions more
efficient. Explore Let x = Tyrone’s income per paycheck, r(x) = his income after

Plan

Solve

the deduction for retirement, and t(x) = his income after the
deduction for federal income tax.

Write equations for r(x) and #(x).
$180 is deducted from every paycheck for retirement:
r(x) = x — 180.

Tyrone’s tax rate is 18%: t(x) = x — 0.18x.

If Tyrone has his retirement deducted before taxes, then his net
income is represented by [t o r](2200).

[t o ](2200) = #(2200 — 180) Replace x with 2200 in r(x) = x — 180.
= 1(2020)
= 2020 — 0.18(2020) Replace x with 2020 in f(x) = x — 0.18x.
= 1656.40

If Tyrone has his retirement deducted after taxes, then his net
income is represented by [r o £](2200).

[r o t](2200) = r[2200 — 0.18(2200)] Replace x with 2200 in {(x) o x — 0.18x.
= r(1804)
= 1804 — 180 Replace x with 1804 in r(x) = x — 180.
= 1624

[t o r](2200) = 1656.40 and [r o t](2200) = 1624. The difference is
$1656.40 — $1624, or $32.40. So, his net pay is $32.40 more by
having his retirement deducted before taxes.

Check The answer makes sense. Since the taxes are being applied to a

Mz
rllr= Extra Examples at algebra2.com

smaller amount, less tax will be deducted from his paycheck.
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') c AECK= Your Progress

5. All-Mart is offering both an in-store $35 rebate and a 15% discount on
an MP3 player that normally costs $300. Which provides the better
price: taking the discount before the rebate, or taking the rebate before
the discount?

9"’1]]1_ |= Personal Tutor at algebra2.com

l’} ZHELC Yolur Undérstanding

Examples 1, 2 Find (f + 9)(x), (f — 9 ), (f + 2)(x), and (é)(x) for each f(x) and g(x).
(pp. 384-385)

1. flx) =3x + 4 2. flx) =x>+3
gx)=5+x gx)=x—-4
Example 3 For each pair of functions, find f o g and g o f, if they exist.
(p- 386) 3. f: {(_11 9)/ (4/ 7)} 4. f: {(0/ _7)/ (11 2)/ (2/ _1)}
Example 4 Find [g o hl(x) and [} o gl(x).
(pp. 386-387) 5. g(x) =2x 6. g(x)=x+5
h(x) =3x — 4 hix)=x>+6

If f(x) = 3x, g(x) =x + 7, and h(x) = x2, find each value.
7. fIg(3)] 8. g[h(=2)] 9. h[h(1)]

Example 5 SHOPPING For Exercises 10-13, use the following information.
(p- 387) Mai-Lin is shopping for computer software. She finds a CD-ROM that costs
$49.99, but is on sale at a 25% discount. She also has a $5 coupon she can use.

10. Express the price of the CD after the discount and the price of the CD after
the coupon. Let x represent the price of the CD, p(x) represent the price
after the 25% discount, and c(x) represent the price after the coupon.

11. Find c[p(x)] and explain what this value represents.
12. Find p[c(x)] and explain what this value represents.
13. Which method results in the lower sale price? Explain your reasoning.

mm Find (f + 9 (x), (f — 9 (), (f + 2 (x), and (g) (x) for each f(x) and g(x).

For See 14. f(x) =x+9 15. f(x) =2x — 3 16. f(x) = 2x2
Exercises | Examples gx)=x-9 g(x) =4x +9 gx) =8 —x
14-21 1,2
2-27 3 17. f(x) = x* + 6x + 9 18. flx) =x* -1 19. fx) =x2—x — 6
28-45 4 — __x _x-3
46, 47 5 gb)=2r+6 80 =77 8§ =113

WALKING For Exercises 20 and 21, use the following information.

Carlos is walking on a moving walkway. His speed is given by the function
C(x) = 3x? + 3x — 4, and the speed of the walkway is W(x) = x2—4x + 7.
20. What is his total speed as he walks along the moving walkway?

21. Carlos turned around because he left his cell phone at a restaurant.
What was his speed as he walked against the moving walkway?

388 Chapter 7 Radical Equations and Inequalities



In 2003, there were an
estimated 19.2 million
people who participated
in inline skating.

Source: Inline Skating
Resource Center

ExTRA PRACTICE

See pages 905 and 932.
Math&" niipe

Self-Check Quiz at
algebra2.com

David Stoecklein/CORBIS

For each pair of functions, find f o g and g o f, if they exist.

22. f={(1,1),(0, -3)} 23. f=1{(1,2),3,4), 5 49}
g =1{(10),(-31), 21} §=12,5), (4 3)}

24. f=1{(3,8),(4,0),(6,3), (7, -1} 25. f=1{4,5),(6,5),(8,12), (10, 12)}
g =1{(0,4),(8,6),3,6),(-1,8)} g§=1{4,6),(2,4),(638), (8 10)}

26. f=1{(2,5),(3,9), (-4, 1)} 27. f=1{(7,0),(=5,3),(8,3), (-9, 2)}
g§=16,-4),(83), (2 -2)} g§=12,-5),(1,0), (2 -9), G, 6)

Find [g o hl(x) and [} o gl(x).

28. g(x) = 4x 29. g(x) = —b5x 30. g(x) =x+2
hix)=2x — 1 h(x) = -3x + 1 h(x) = x?

31. g(x) =x—4 32. g(x) = 2x 33. gx) =x+1
h(x) = 3x2 hx)=x>+ x>+ x+1 h(x) = 2x%> —5x + 8

If f(x) = 4x, g(x) = 2x — 1, and h(x) = x2 + 1, find each value.

3. flg(-1)] 35. hlg()] 36. 315
37. f[h(=4)] 38. g[8 (V)] 39. fIA(=3)]

0. h[f&)] an. g[h(—%)] a2. [g o (fo h)I(3)
8. [fo (ho 9IB) w. o (g0 I 5. [fo (g0 WIR)

POPULATION GROWTH For Exercises 46 and 47, use the following

information.

From 1990 to 2002, the number of births b(x) in the United States can be

modeled by the function b(x) = —8x + 4045, and the number of deaths d(x)

can be modeled by the function d(x) = 24x + 2160, where x is the number of

years since 1990 and b(x) and d(x) are in thousands.

46. The net increase in population P is the number of births per year minus the
number of deaths per year, or P = b — d. Write an expression that can be
used to model the population increase in the U.S. from 1990 to 2002 in
function notation.

47. Assume that births and deaths continue at the same rates. Estimate the net
increase in population in 2015.

. SHOPPING For Exercises 48-50, use the following information.

Liluye wants to buy a pair of inline skates that are on sale for 30% off the
original price of $149. The sales tax is 5.75%.

48. Express the price of the inline skates after the discount and the price of the
inline skates after the sales tax using function notation. Let x represent the
price of the inline skates, p(x) represent the price after the 30% discount,
and s(x) represent the price after the sales tax.

49. Which composition of functions represents the price of the inline skates,
pls(x)] or s[p(x)]? Explain your reasoning.

50. How much will Liluye pay for the inline skates?

51. FINANCE Regina pays $50 each month on a credit card that charges 1.6%
interest monthly. She has a balance of $700. The balance at the beginning of
the nth month is given by f(n) = f(n — 1) + 0.016 f(n — 1) — 50. Find the
balance at the beginning of the first five months. No additional charges are
made on the card. (Hint: f(1) = 700)
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52. OPEN ENDED Write a set of ordered pairs for functions f and g, given that
fog=1{473),(-1,9),(-2,7).

53. FIND THE ERROR Danette and Marquan are trying to find [g o f](3) for
f(x) = x% + 4x + 5 and g(x) = x — 7. Who is correct? Explain your

H.O.T. Problems

reasoning.
Danette Marquan
[q-f1(3) = g((3) 2 +4(3) +5) Lg-f1(3) =F(3-17)
= ¢(206) = f(-4)
=26-17 = (4)2+4(-4) +5
=19 =5

54. CHALLENGE If f(0) = 4 and f(x + 1) = 3f(x) — 2, find f(4).

: 55. W’ufaa; in Matls Refer to the information on page 384 to explain how

: combining functions can be important to business. Describe how to write a
new function that represents the profit, using the revenue and cost
functions. What are the benefits of combining two functions into one
function?

¥ STANDARDIZED TEST PRACTICE

56. ACT/SAT What is the value of f(g(6)) if 57. REVIEW If g(x) = x> + 9x + 21 and
flx) = 2x + 4 and g(x) = x> + 5? h(x) = 2(x + 5)%, which is an
A 38 equivalent form of h(x) — g(x)?
—12 _ —
B 43 F —x—11x —-29
C % G x? + 11x + 29
D 261 Hx+4
J ?+7x+11
-
Spiral ReVieW .. ... )
List all of the possible rational zeros of each function. (Lesson6-9) y
58. r(x) = x2 — 6x + 8 59. f(x) = 4% — 2x% 4+ 6 60. o(x) =9x2 -1

State the possible number of positive real zeros, negative real zeros, and
imaginary zeros of each function. (Lesson 6-8)
61. flx) =7x* +3x3 — 222 —x + 1 62. g(x) =2x* —x3 —3x +7

63. CHEMISTRY The mass of a proton is about 1.67 x 10~% kilogram. The mass
of an electron is about 9.11 x 103! kilogram. About how many times as
massive as an electron is a proton? (Lesson 6-1)

» GET [READY for the Next Lesson

: PREREQUISITE SKILL Solve each equation or formula for the specified variable. (Lesson 1-3)

64. 2x — 3y =6, forx 65. 4x2 — S5xy +2 =3, fory 66. 3x + 7xy = —2, for x
67. [ = prt, for t 68. C = %(P —32), for F 69. F = GM—;”, form
T
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